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SumMARY. We investigate the Bayesian Information Criterion (BIC) for variable selection in models for
censored survival data. Kass and Wasserman (1995, Journal of the American Statistical Association 90,
928-934) showed that BIC provides a close approximation to the Bayes factor when a unit-information
prior on the parameter space is used. We propose a revision of the penalty term in BIC so that it is defined
in terms of the number of uncensored events instead of the number of observations. For a simple censored
data model, this revision results in a better approximation to the exact Bayes factor bascd on a conjugate
unit-information prior. In the Cox proportional hazards regression model, we propose defining BIC in terms
of the maximized partial likelihood. Using the number of deaths rather than the number of individuals in
the BIC penalty term corresponds to a more realistic prior on the parameter space and is shiown to improve
predictive performance for assessing stroke risk in the Cardiovascular Health Study.
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1. Introduction vector 8,

Many epidermiological studies assess risk factors for death or . : - ) ) .
for the onset of a disease. A set of candidate risk factors is BIC = -2 {(1(9-’) B [“(g(')} + lmy —mo)log(n). (1)
identified, and the data are used to winnow this down to a

) o° where €] (éj) and /’(;(é(;) are the maximized likelihoods under
subset to be used for risk assessment and prediction. One !

M; and a reference model My, whose parameter has dimen-
sion my), where n is the sample size. With nested models, BIC
equals the standard likelihood ratio test statistic minus a com-
plexity penalty that depends on the degrees of freedom of the
test of My against M ;. BIC provides an approximation to the
Bayes factor, which can readily be computed from the output
of standard statistical software packages (Kass and Raftery,
1995; Raftery, 1995).

The derivation of BIC involves a Laplace approximation to

common approach to this model selection task is a Bayesian
onc, based on the posterior probabilities of the models de-
fined by the possible subsets of the risk factors. The posterior
model probabilities can be approximated using BIC, a sim-
ple expression that involves only the maximized likelihood,
the sample size, and the number of risk factors in the model.
We show here that, when there is censoring, an improved ap-
proximation is obtained hy replacing the total sample size by

the number of uncensored cases. This revised approximation
preserves, and may improve, the asymptotic properties of the
BIC approximation and also provides better results in prac-
tice for some standard epidemiological data sets. Qur research
was motivated by the Cardiovascular Health Study, a study
of risk factors for cardiovascular disease in older adults.

The Bayesian framework for hypothesis testing uses Bayes
factors to quantify the evidence for one hypothesized model
against another (Kass and Raftery, 1995). Schwarz (1978) de-
rived the Bayesian Information Criterion (BIC) as a large-
sample approximation to twice the logarithm of the Bayes
factor. For a model M; parameterized by an m;-dimensional

2!

the Bayes factor and ignores terms of constant order, so the
difference between BIC and twice the log Baves factor does
not vanish asymptotically in general. although it becomes in-
consequential in large samples. However, Kass and Wasser-
man (1995) show that, under certain nonrestrictive regular-
ity conditions, the difference betwecn BIC and twice the log
Bayes factor does tend to zero for o specific choice of prior
on the parameters. They argue that this implicit prior is a
reasonable one.

Kass and Wasserman (1995) note that the sample size n
that appears in the penalty term of (1) must be carefully cho-
sen. In censored data models such a~ the proportional hazards
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model of Cox (1972), subjects contribute different amounts of
information to the likelihood, depending on whether or not
they are censored. We have found that, in the penalty term
for BIC, substituting d, the number of uncensored events, for
n, the total number of individuals, results in an improved cri-
terion without sacrificing the asymptotic properties shown by
Kass and Wasserman (1995).

The example in this paper, the Cardiovascular Health
Study, is an observational study investigating 23 possible risk
factors for cardiovascular disease in the older population. By
using our revision, we get two main benefits: a better evalu-
ation of the individual risk factor’s association with the out-
come and a better way of predicting who is most susceptible
to disease in the future. Since the risk factor data are non-
invasive and easily collected, our model can help provide an
improved risk assessment model for cardiovascular disease.

The rest of the paper is organized as follows. Section 2
discusses Bayes factors and the Bayesian Information Crite-
rion. Section 3 proposes our revision of BIC and discusses it
in the context of two censored survival models, exponential
regression and the Cox model. We analyze the Cardiovascu-
lar Health Study data in Section 4, comparing our revision to
the standard method, and we provide a final discussion in Sec-
tion 5.

2. The Bayesian Information Criterion

Standard Bayesian testing procedures use the Bayes factor
(BF}, which is the ratio of integrated likelihoods for two com-
peting models. Kass and Raftery (1995) derive BIC as an
approximation to twice the difference in log integrated likeli-
hoods, so the difference in BIC between two models approxi-
mates twice the logarithm of the Bayes factor. Hence,

2log(BF) — BIC

2log(BF) 0 (2)

However,
2log(BF) — BIC # 0. (3)

Equation (3) implies that, for general priors on the param-
eters, 2log(BF) — BIC has a nonvauishing asymptotic error
of constant order, i.e., of order O(1). Since the absolute value
of BIC increases with n, the error tends to zero as a pro-
portion of BIC. Therefore, BIC has the undesirable property
that, for any constant &, BIC + k also approximates twice the
log Bayes factor to the same order of approximation as BIC
itself. This O(1) error suggests that the BIC approximation is
somewhat crude and may perform poorly for small samples.

Kass and Wasserman (1995) show that with nested models,
under a particular prior on the parameters, the constant order
asymptotic error disappears, and they argue that this prior
can reasonably be used for inference purposes. Following the
notation of their paper, let Y = (y1,...,yn) be i.i.d. observa-
tions from a family parameterized by (6, ¥), with dim(8,¥) =
m and dim(@)=mg. Our goal is to test Hy: ¥ = ¢ against
Hi: v € R ™" using the Bayes factor,

_ P(Y| Hy)

BF = P ) (4)

The Bayvesian information criterion (BIC) for testing Hy ver-
sus Hy is

BIC = -2 {61(6,4) — to(f0)} + (m —my) log(n).  (5)

o
[}
-~7

Let I(8,%) be the m X m Fisher information matrix of
(9.¥) associated with the full model, let I,,.(8,¥q) denote
the information matrix (—E[(9%€(8, "))/ (006v)]) evaluated
at (6,%0), and let 7,.(¥») be the marginal prior density of v
under Hj. The main result of Kass and Wasserman (1995) is
as follows. If the conditions that

(C1) the parameters are null orthogonal. i.e., Ip,.(8,¥) = 0
for all 6, R
(C2) the MLE v satisfies i — g = O, (n '1/2), and

(C3) —(1/n)D?1(0,4) — 1(6.¢) = Op(n %)
hold, then

Rt

b

2log BF = BIC — 21log {(2«)“’“'—”” 2
. =172 .
X |I.¢A,7», (6«{'(]” ’ WL.(Q/J)}

+ 0y (n*l"“) . (6)

In addition, if 7,.(¥) is a standard multivariate normal den-
sity with location ¥y and variance matrix |I.,.(6. U‘,U)rl , the
asymptotic error of constant order (the second term on the
right in (6)) will vanish, leaving

2log(BF) = BIC + O, (n ‘) : (7)

If the prior on # is not of this form, then this error term in
(6) gives the constant order asymptotic crror in BIC as an
approximation to twice the log Bayes factor.

This result has an important implication. BIC is a Bayesian
procedure that does not require the specification of a prior,
but it approximates a Bayes factor that is based on a particu-
lar prior for the parameter of interest. Therefore, when using
BIC to compare models, the Kass- Wasscrman result defines
an implicit prior, which BIC uses. This prior, which we call
the overall unit-information prior, is appealing because it is a
normal distribution centered around vy, with the amount of
information in the prior equal to the average amount of in-
formation in one observation. Since the prior is based on only
one observation, it is vague yet proper.

3. Model Selection in Censored Survival Models
3.1 Model Selection

Model selection criteria such as BIC are often used to
select variables in regression problems. Here, we use BIC
to determine the best models (where models are variable
subsets) in a class of censored survival models.

When censoring is present, it is unclear whether the penalty
in BIC should use n, the number of observations, or d, the
number of events. When using the partial likelihood (Cox,
1972), there are only as many terms in the partial likelihood
as there are events d. Kass and Wasserman (1995) indicate
that the term used in the penalty should be the rate at which
the Hessian matrix of the log-likelihood function grows, which
suggests that d is the correct quantity to use. However, if we
are to use a revised version of BIC, it is important that the
new criterion continue to have the asymptotic properties that
Kass and Wasserman derived. In fact, our revised BIC does
have these properties, with a slightly modified outcome. Let
us alter condition (C3) to be
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1 PN i
*EDZI (6,9) = Lu(0,v) = O, (n ‘) (8)

where [,(6,v¢') is the expected Fisher information for one
uncensored observation, (the uncensored unit information).
If this holds, then (7) is true, and the new BIC (with d in the
penalty) is an Op(n_l//Q) approximation to twice the Baycs
factor, where the prior variance on # is now ecqual to the
inverse of the uncensored unit information. By using d in the
penalty instead of n, we will show that this asymptotic result
holds, the only difference being in the implicit prior on the
parameter.

To investigate which of these criteria is better, we first
consider a simple exponential censored survival model. We
use a conjugate unit-information prior for this model and
find that BIC provides a closer approximation to twice the
log Bayes factor when n is replaced by d in equation (1).
Then we consider the Cox proportional hazards model. The
theorems stated in this section are proved in Volinsky and
Raftery (1999).

3.2 Erponential Survival

Consider n subjects, where subject ¢ has observed time y;,
and let Y = (y1....,yn). The censoring indicator §; describes
whether y; is a survival time (§; = 1) or a censoring time
(8; = 0). We consider testing Hy: T; ~ Exp(A\g) against
Hi: 77 ~ Exp(A); A ~ Gamma(a, b), where T; is the actual
time of death for the éth subject (which will be unobserved
if the observed time is a censoring time). BIC corresponds to
an implicit normal prior, but the conjugate gamma prior in
H; seems more appropriate here because it puts mass only on
positive values of A, while the normal prior puts some mass
on negative values of A, which should be excluded. We are
interested in how well BIC approximates twice the log Bayes
factor (equation (4)), where

P(Y |H,) = /P(Y | H;, ) P(A | H)d A (9)

Since the prior on A is not normal, the BIC approximation
to twice the log Bayes factor will have asymptotic error of
constant order. We consider two unit-information Gamima
priors, one corresponding to using n in the penalty and the
other to using d. These priors have mean equal to the null
hypothetical value (Ag) and variance equal to the inverse
expected information in one observation (for n) or in one
uncensored observation (for d). In the n case, this yields
a Gammal(q, g/Ag) distribution, where g is the proportion
of the data that is censored. In the d case, this yields
a Gamma(l,1/)) distribution. We call these the overall
unit-information prior and the uncensored unit-information
prior, respectively. Using these priors, we can calculate the
asymptotic difference between 2log BF and BIC for both n
and d. We denote this asymptotic error by AFE, or AE,,
depending on which penalty term is used in BIC. The
following theorem shows that, asymptotically, using d in the
penalty term gives a closer approximation to twice the log
Bayes factor.

THEOREM 1: Consider comparing the exponential survival
models Hy and Hy using BIC under independent censoring.
Then |AE ;| < |AEn .

Biometrics, March 2000

In the context of epidemiological studies, this means
that using BIC with d in the penalty will provide a
better approximation to the Bayes factor for comparing two
competing models.

3.3 The Cox Proportional Hazards Model
In the Cox (1972) proportional hazards model, estimation of
B is commonly based on the partial likelihood, namely

n iy

; exp (x/ 3)
PL(3) = | |
(' ) H Z[E R, ©XP (x(l 3) : (10)

i=1

where R; is the set of individuals at risk at time ¢;, x; is
the vector of covariates for the ith individual, and w; is a
censoring indicator (uncensored = 1}.

Suppose that we have survival data on n individuals
with independent survival times y;..... yn and independent

censoring indicators dq,...,4d,. Consider the models

Hi: hi(t) = Ma(t) exp(x! 3) and Ho: £, (t) = AL (£) exp(x( D7

xd(m), where _B(U) is a subset of 3 and xE‘O) is the

corresponding subset of x;. Then I, and H, are nested
models, with 8 = ,3((”. 8,¢) = 3. mg = dim(,&’(m), and
m = dim(3) in our previous notation. The following theorems
show that the conclusions from Kass and Wasserman (1995)
hold for Cox proportional hazards models whether n or d is
used in the BIC penalty.

THEOREM 2: Under null orthoyonality and independent
censoring, equation (6) holds for Cor models when n is used in
the penalty for BIC and the normal overall unit-information
prior is used.

THEOREM 3: Under null orthogonality and independent
censoring, equation (7) holds for Cor models when d is used in
the penalty for BIC and normal uncensored unit-information
prior s used.

It follows that (7) holds for the Cox model and that
the O(n~'/?) result also holds for both the overall and
the uncensored unit-information priors with the appropriate
penalty.

3.4 Evaluation of the Unit Informaiion Priors

The choice of d or n in BIC determines the implicit prior
variance. A desirable reference prior has most of its mass
concentrated in that region of parameter space in which
parameter estimates tend to fall, vet it is rather flat over
that area. We looked at three commonly cited survival
datasets, including the Cardiovascular Health Study and two
others analyzing lung cancer (Prentice, 1973; Kalbfleisch and
Prentice, 1980) and liver disease {Dickson, Fleming, and
Weisner, 1985; Fleming and Harrington, 1991). We compared
the priors for each choice of penalty to the parameter
estimates eventually calculated.

For each of the studies, we found both the overall and
the uncensored unit-information priors. These three datasets
include a total of 43 candidate independent variables for
predicting the risk of onset of a discase. Table 1 compares
the unit-information priors for the three datasets. For clarity,
the results have been standardized by the uncensored unit-
information prior standard deviation. In the Cardiovascular
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Table 1
Comparison of mean implicit prior standard deviation for the tuwo
different penalties in BIC for three censored survival data sets

% Prior Prior Range
Data m n Censored SD (d) SD (n) of 3;
CHS 23 4504 96 1.0 5.0 (—0.09,0.34)
PBC 12 312 60 1.0 1.8 (—0.29,0.34)
V.A. 8 137 7 1.0 1.0 (—0.65,0.43)

Health Study, the overall unit-information prior standard de-
viations are, on average, five times greater than the average
of the uncensored unit-information prior standard deviations,
reflecting the large amount of censoring in these data. The
paratneter estimates (measured in units of one uncensored
unit information prior standard deviation) range from —0.09
to +0.34. indicating that a prior standard deviation of 5.0 is
much more spread out than necessary. For the three datasets,
the range of all the estimates is (—0.65, +0.43), indicating
that the uncensored unit information prior (with a prior stan-
dard deviation of one on this scale) is more realistic because
it covers the distribution of estimates very well without being
much more spread out.

Figure 1 is a histogram of the estimated coctfficients in the
three datasets, with overall and uncensored unit-information
priors also shown. The plot shows that the uncensored unit-
information prior puts more prior mass on what is more likely
to occur vet is still a rather conservative prior that allows for
outlying cstimates. It thus seems more satisfactory in practice
for these data sets.

4. Example
4.1 The Cardiovascular Health Study

In this section, we analyze the Cardiovascular Health Study
(CHS) in more detail to show the effect that changing the
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Figure 1. Histogram of standardized estimated coetlicients
from the three datasets in Table 1. A typical unit-information
prior distribution corresponding to each of the penalty terms
is shown.

penalty term can have on the analysis as well as on predictive
performance. The CHS is a longitudinal. observational study
funded by the National Institutes of Health (NTH) and started
in June 1989 to study cardiovascular discase in people aged 65
and over. The CHS studies 23 possible risk factors for stroke
on 4504 subjects, 172 of whom did suffer a stroke during the
study. One of the goals of the CHS researchers is to design a
risk assessment model from these variables. To this end, all
23 variables can be collected via a patient’s medical history
or a noninvasive exam. An effective model built on these 23
variables can provide an efficient assessment of one's stroke
risk based on a short doctor’s visit. Obviously, there is great
interest in any methodology that can provide an improved
predictive model.

For these data, d is approximately 4% of n, so the choice
of the penalty term will have a substantial impact on the
analysis. In what follows, we refer to the analyses that use n
and d in the penalty term as the n-analysis and the d-analysis,
respectively.

For the n-analysis, the best model according to BIC has
seven variables (regular aspirin use, systolic blood pressure,
creatinine level, diabetes, presence of atrial fibrillation,
stenosis of the carotid artery, and a timed walk). When d
is used, the penalty for additional paranicters is smaller, and
the best model now contains nine variables —the same as
above plus age and diuretic use. The question of whether to
include age in the final model is an interesting one. Although

-0 4 a 13 1 1% k] * ° 13 10
Top Modeld) - Parval Prodicive Soove. BMA( ) - BRIA(n)
(a) (b)
Figure 2. Histograms showing the difference in partial

predictive score (d — n) on 100 splits of the data. A positive
result (shown in black) indicates a win tor d. On the left are
the results of picking the single best moslel, on the right the
results from model averaging.
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Table 2
Posterior probabilities of parameters not being equal to zero and parameter
estimates from Bayesian model averaging using n and d in the BIC penalty

Biometrics, March 2000

Variable 100 P, (3 # 0) 100 Py(8 # 0) 3 3y
Aspirin 88 100 0.48 0.52
Age 62 89 0.03 0.04
Atfib (ecg) 30 67 0.27 0.55
Diuretic use 27 59 0.12 (.23
LV hyper. 17 50 0.12 0.30

stroke incidence is known to increase with age, it is possible
that age has no inherent effect on stroke beyond its effect on
the other covariates. The d-analysis implies that age is indeed
an important variable independent of the others. It may be
acting as a surrogate for unidentified variables, or perhaps
age itself is inherently a risk factor for stroke. Articles written
in the medical literature on this dataset (Fried et al., 1991,
Manolio et al., 1996) support the conclusion of the d-analysis
that both age and diuretic use are important independent risk
factors.

Another way of assessing thc models is through predictive
performance. A model with improved prediction will be able
to provide a better risk evaluation of future patients. The
data were split in half to create a model building set and a
validation set. The models were assessed using an analogue
of Good’s log score (Good, 1952} called the partial predic-
tive score (PPS) (Volinsky et al., 1997). For 50 different splits
of the data, we calculated the difference in the PPS. Figure
2a shows the histogram of these 50 differences. In 35 of the
50 splits, the d-best model performed better than the n-best
model, with an average of a 3.4% improvement in predictive
performance per event. Similar improvements in predictive
performance have been shown to make a substantive differ-
ence in risk classification models (Volinsky et al., 1997).

4.2 Bayesian Model Averaging

In variable selection problems, there is often model
uncertainty due to the fact that the true model is not known.
In our example, it is unclear whether age should be included
in the model. It would be desirable to take account of this
uncertainty instead of making a binary decision of in or out.
One way of doing this is Bayesian model averaging (BMA).
In a BMA analysis, the posterior distribution of any quantity
of interest is a weighted average over all models, weighted by
the support each model has from the data. So our analysis of
age, or of risk scores, can take into account information from
every model in the model class.

In several reported experiments with real data, BMA
has vielded improved predictive performance and parameter
estimation (Madigan and Raftery, 1994; Madigan, Gavrin,
and Raftery, 1995; Raftery, Madigan, and Hoeting, 1997;
Volinsky et al., 1997). An S-PLUS function to do Bayesian
model averaging for Cox regression models, bic.surv,
is available from the BMA homepage (www.research.
att.com/~volinsky/bma.html) or by contacting the first
author.

First, we specify a uniform prior over the space of the
223 models associated with the candidate independent 23

variables in the CHS. This corresponds to an a priori
probability of 50% on each individual variable. Then, after
looking at the data, each model’s posterior model probability
(PMP) is calculated using BIC. To avoid fitting all possible
models, we looked at only the best model and at all models
with PMPs of at least 1/20 of the best model’'s PMP;
this technique is known as Occam’s Window (Madigan and
Raftery, 1994). We used a branch and bound algorithm to
find the models in Occam's Window (Volinsky et al., 1997).
The d-analysis located 408 models ranging in size from 6 to
12 variables {median model size = 10}), whereas the n-analysis
found 168 models ranging in size from 5 to 9 variables (median
model size = 7).

The BMA results for five of the variables are displayed
in Table 2 and show how the two different penalties can
lead to different conclusions. For instance, the coefficient of
the variable aspirin has 100% posterior probability of being
nonzero in the d-analysis, indicating very strong evidence that
aspirin is a risk factor. In the n-analysis, by contrast, the
aspirin parameter has a posterior probability of only 88%,
which, by conventional rules of thumb (Kass and Raftery,
1995), is positive but not strong evidence for an effect. Several
studies involving other data sets as well as this one (Steering
Committee of the Physicians’ Health Study, 1989; Stroke
Prevention in Atrial Fibrillation Study Group Investigators,
1990; Paganini-Hill et al., 1989; Manolio et al., 1996) support
the d-analysis conclusion of strongest possible evidence for
aspirin as a risk factor for stroke. although they suggest
that this risk may exist only for those with no history of
cardiovascular disease. Manolio et al. (1996) conclude that
the evidence for aspirin as a risk factor is too strong to ignore
even though they do not understand the mechanism for the
effect. The strength of the connection between aspirin and
stroke clearly deserves further study.

For the next four variables, the data are inconclusive,
but different conclusions would be drawn depending on the
penalty. For instance, the posterior probability that the atrial
fibrillation by ecg parameter is nouzero is 67% with the d
prior and 30% with the n prior; this is the difference between
weak evidence for an effect and evidence against an effect. In
their expert analysis, Manolio et al. (1996) include all five of
these variables in their multivariate model as significant or
highly significant, supporting the d-analysis. Note that there
are many other variables, including smoking, glucose level,
and diastolic blood pressure, that get little support from both
BMA analyses and Manolio et al. (1996).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




Bayesian Information Criterion for Censored Survival Models

Bayesian model averaging has been shown to provide a
better risk assessment than selecting a single model (Volinsky
et al., 1997). Using d in the penalty for BIC can provide a
sharper improvement for BMA than using n, as shown in
Figure 2b. For each of 50 splits of the data, we ran a BMA
analysis using BIC to calculate posterior model probabilities
and using the partial predictive score to assess predictive
performance. In 42 of the 50 simulations, the BMA d-analysis
predicted better than the BMA n-analysis. Overall, predictive
performance per event improved by 3.1%.

5. Discussion

The unit-information prior is a reasonable one when there
is little prior information. In fact, one could argue that
there is always at least a small amount of prior information,
namely that which led us to collect the data on the chosen
independent variables in the first place. The unit-information
prior quantifies this small bit of information as the average
amount of information in one observation.

In this paper, we have contrasted two competing unit-
information priors. The prior based on d is the unit-
information prior for one uncensored observation (I,,) and
as such does not depend on the proportion of censoring. In
contrast, the overall unit-information prior (1) is typically glu
(as in the exponential survival example) and will be affected
by the proportion of censoring, which may not be desirable.
To see this, consider two identical clinical trials where the first
trial is stopped after 1 year and the second trial is stopped
after 2 vears. The second trial is likely to have a smaller
percentage of censoring. The d-based prior for the two trials
would be the same, apart from sampling variability. The n-
based prior, in contrast, would be different; the n-based prior
for the 1-vear trial would be substantially more dispersed than
that for the d-based trial. This strong dependence of the n-
based prior on the stopping rule seems undesirable.

This methodology is not specific to censored survival
models, but this is perhaps the most common example of
models where data points may contribute different amounts
of information to the likelihood. However, there are other
models, such as weighted regression, measurement error, and
missing data models, and our approach could also be used to
find the correct penalty for BIC in these models.
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RESUME

Nous évaluons le critere d’information bayésien (BIC) pour
la sélection de variables dans les modeles de survie pour
données censurées. Kass et Wasserman (1995) ont montré
que le BIC fournit une approximation proche du facteur
de Bayes, lorsqu'on utilise une loi a priori d’information
unitaire sur l'espace des parametres. Nous proposons une
révision du terme de pénalité du BIC, en le basant sur
le nombre d'événements non-censurés, plutot que sur le
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nombre d’observations. Pour un modeéle 4 données censures
simple, cette modification améliore 'approximation de facteur
de Bayes exact basée sur une loi a priori d’information
unitaire conjuguée. Dans le modele des hasards proportionnels
de Cox, nous proposons de définir BIC & partir de la
vraisemblance partielle maximisée. L'utilisation dans le
critere BIC du nombre de décés plutiét que du nombre
d'individus correspond & une loi a priori sur 'espace des
parametres plus réaliste, et nous montrons qu’elle améliore la
performance prédictive, pour 'estimation du risque d’infarc-
tus dans une étude de santé cardio-vasculaire.
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