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Abstract: The rapid increase in the size of data sets makes clustering all the mone impo
tant to capture and summarize the information, at the same time makingricigsteore
difficult to accomplish. If model-based clustering is applied directly to eelaiata set, it
can be too slow for practical application. A simple and common approdotfirst cluster
a random sample of moderate size, and then use the clustering modelifothis way
to classify the remainder of the objects. We show that, in its simplest formmigisod
may lead to unstable results. Our experiments suggest that a stable méthbedtter per-
formance can be obtained with two straightforward modifications to the sisapiling
method: several tentative models are identified from the sample instgast @ne, and
several EM steps are used rather than just one E step to classify thatubet. We find
that there are significant gains from increasing the size of the samplealmtd 2,000,
but not from further increases. These conclusions are based @appfieation of several
alternative strategies to the segmentation of three different multispectagkesnand to
several simulated data sets.
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1. Introduction

Today, data are generated at unprecedented speed. The ginénof
data sets and data bases has increased the need for goedmiustethods to
capture and summarize the information. An example is theneagation of
multispectral images, where the objective is to group sinpixels, and to as-
sess how many different groups there are. Typically, thogert congruent im-
ages or bands containing complementary information amrded, containing
tens of thousands or even millions of pixels per image. Thasgd constraints
on clustering technigues with respect to memory usage amgting time.

Many different clustering methods have been described @&l Dubes
1988; Kaufman and Rousseeuw 1989). Model-based clusté¥vicgachlan
1982; McLachlan and Basford 1988; Banfield and Raftery 1993e¥rand
Raftery 2002; McLachlan and Peel 2000) is one of the more resterdlop-
ments, and has shown very good performance in a number of (ididsher-
jee, Feigelson, Babu, Murtagh, Fraley, and Raftery 1998; Dxatsgand Raftery
1998; Yeung, Fraley, Murua, Raftery, and Ruzzo 2001; Wang Raftiery
2002), including image analysis (McLachlan, Ng, Gallowayl &/ang 1996;
Campbell, Fraley, Murtagh, and Raftery 1997; Campbell, kra&anford,
Murtagh, and Raftery 1999; Stanford and Raftery 2002; Wehr8imonetti,
and Buydens 2002). As implemented in these applications,immvailable
software (Fraley and Raftery 1999; Fraley and Raftery 2003;adhblan, Peel,
Basford, and Adams 1999), model-based clustering considiting a mix-
ture of multivariate normal distributions to a data set bykimaum likelihood
using the EM algorithm, possibly with geometric constraomshe covariance
matrices, and an additional component to allow for outl@reoise. Since the
likelihood surface typically has many local maxima, irfigation of the EM
algorithm is a very important issue. Model-based hieraaiglustering (Ban-
field and Raftery 1993) has been found to provide good irugdibns.

Model-based hierarchical clustering generally requitesagle and com-
puting time at least proportional to the square of the dirieenef the data, so
that both space and time are limiting factors in its appiicato large data sets.
Another problem is that when the size of the data set reachesgain thresh-
old, it is not possible to keep all of the required quantiiresnemory at the
same time, forcing a dramatic and abrupt increase in negessmputational
resources. This threshold varies with computer hardwarsaitdare, and data
dimension, but at the current time it is typically of the ardéa million objects.

Various approaches to the problem of clustering large dat®ve been
proposed, including initialization by clustering a sampfeéhe data (Banfield
and Raftery 1993; Fayyad and Smyth 1996; Maitra 2001), ambusn ini-
tial crude partitioning of the entire data set (Posse 200atrlien, Murua, and
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Figure 1. Segmentations based on clustering of samples of 500 pixelsebfod four congru-
ent MRI images of a patient with a brain tumor. Colors are permuted torgas@mal visual
similarity.

Stuetzle 2002). The simplest and perhaps most widely apptiptbach is to
apply the clustering method first to a small simple random $arfipm the
data, and then apply the resulting estimated model to thdditd set using dis-
criminant analysis (Banfield and Raftery 1993). The discrantranalysis can
be carried out very easily in the model-based clusteringésork by using a
single E step (Fraley and Raftery 2002).

Unfortunately, this easily implemented strategy may leadhistable seg-
mentations when used in its simplest form, as illustrateBigure 1. In this
figure, ten random samples of 500 pixels are used to clusterRirdista set of
a patient with a brain tumor. The number of clusters, selebjethe method
(see below), varies between 4 and 9. Although several feqianme preserved,
such as the tumor region (in dark blue, behind the eye) anddtrabrospinal
fluid (green), the variation is quite large.

In this paper we show that the appealingly simple approacedan
clustering a sample of the data can be modified to give goodtabtesesults,
with two straightforward changes. For the image data setsamsider, we
obtain good results by tentatively selecting several mobased on the sample
rather than just one, and by running several EM steps on thddtd set rather
than just one E step. We find that performance improves wheasitleeof the
sample is increased up to about 2,000, but that beyond tbe th little gain.
To reach this conclusion, we considered a range of sampds siad several
strategies of varying computational cost. Comparisonseviased on three
typical real-world data sets, and several realistic sithta.
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In Section 2, we give a brief overview of model-based clusterand
in Section 3 we propose several strategies for model-basatkdng in large
data sets such as those that arise in image segmentatiormape data we use
and the design of our simulations are described in Section gm8etations
using different sample sizes and strategies are compai®édtion 5 based on
the likelihoods of the segmented images, the stability efdlusters, and the
accuracy of the results in the simulated cases. Finally,meoendations are
made.

2. Model-Based Clustering

In model-based clustering, individual clusters are dbscrby multivari-
ate normal distributions, where the class labels, parasatel proportions are
unknown. Maximum likelihood estimates for the resultingdabcan be ob-
tained using the Expectation-Maximization (EM) algorithme(Bpster, Laird,
and Rubin 1977; McLachlan and Krishnan 1997). Given an ingfisess for
the cluster meangy,, covariance&;, and proportions;, for all clusters, one
can calculate the conditional probability that objebelongs to clustek. The
mixture probability density function (p.d.f.) is

f(x) = 11 f1(x]01) + 2 fa(x[02) + ... Tk fx (x]0K)

where there ard{ component p.d.f.9,,k = 1,2,..., K, each with its dis-
tributional parameter8y. The mixing proportions; are positive and sum to
unity. The conditional probability that; arose from thes-th component is
T fr(xi]0k) / f(x;). In the case of Gaussian components, this is

K

zik = T (i, k) /Y 75 0(xil 115, By)
j=1

whereo(x|u, X) denotes the multivariate normal (Gaussian) density witarme
vectory, and covariance matri¥, evaluated ak. These conditional probabil-
ities play an important role. For example, in the EM algorittima estimate
of the mean of thé-th cluster at any given iteration I8, zixx;/ > i1 Zik»
where thez;;, are computed from the current values of the parameter estina
This is the expectation step, or E-step of the EM algorithm. Theimiaation
step (M-step) consists of estimating the parameteds, andr, from the data
and the conditional probabilitieg,. The E- and M-steps iterate until conver-
gence. Finally, each object is classified in the class in whibtlag the highest
conditional probability.

Good initialization of the EM algorithm is very important,nse the
method may converge to different values depending on whesestarted be-
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cause the likelihood surface usually has multiple local imax For the ini-

tialization, we apply fast hierarchical model-based @tisg (Fraley 1998),
the default initialization method in thecLUST software (Fraley and Raftery
2003).

The total number of independent parameterdfaomponents igp for
means K p(p+1)/2 for covariance matrices, arfd — 1 for mixing proportions,
since these must add to one. This is atotakof 1+ Kp+ Kp(p+1)/2. The
covariance matrix for théth cluster can be expressed in the form

%) = MDA D] 1)

where)\, describes the volume of the clustél, is the matrix of eigenvectors,
governing the orientation of the cluster, aAg is a diagonal matrix, propor-
tional to the eigenvalues, which determines the shape ofltrster. Banfield
and Raftery (1993) proposed cross-cluster equality caimssron any or all of
the cluster volumes, orientations or shapes based on th@mgmsition as a
way of limiting the number of parameters in the model in a gewitally intu-
itive way. One such model constrains all clusters to haves#ime shape, but
allows cluster volumes and orientation to vary. This is chtlee VEV model
(Fraley and Raftery 2003) (Variable volume, Equal shape Q#eiorientation).
A completely unconstrained model is denoted by VVV (Fraled &aftery
2003). For a discussion of all possible combinations of tairgs based on
the decomposition (1), see Celeux and Govaert (1995). Eadli senstraints
corresponds to a different clustering criterion: for exgnff the clusters are
restricted to be spherical and identical in volume, theedon is the same as
that used in Ward'’s clustering and standartheans clustering (Celeux and
Govaert 1995; Fraley and Raftery 1998).

The model-based clustering framework can be extended iruaahatay
to model noise and outliers (Banfield and Raftery 1993; Fratey Raftery
2002): an extra “noise” class is described by a constant coent density
over the whole data region. If the densities of all other congmts are lower
than the density of the noise class, an object will be clasisdgenoise. This
corresponds to modelling the noise with a homogeneous RomaTess. An
initial estimate of the noise is needed.

To select the optimal clustering model (defined by both thesauster
constraints and the number of clusters), several measaxesleen proposed
(for an overview, see e.g. McLachlan and Peel 2000). In seaplcations,
the BIC approximation to the Bayes factor (Schwarz 1978; KemsbsRaftery
1995) has performed quite well (Fraley and Raftery 1998; Datgand Raftery
1998; Stanford and Raftery 2000). The strategy employed hesedonsists of
several steps (Fraley and Raftery 1998): first perform modséd hierarchical
clustering for initialization; then perform EM for severallues of the number
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of clusters and with several sets of constraints on the covee matrices of
the clusters; finally, select the combination of model and loemof groups that
leads to the highest BIC value.

The model-based clustering framework also provides a measuthe
uncertainty of a particular classification. Basically, essification has low un-
certainty if one of the: conditional cluster membership probabilities for each
data point is close to 1, and the ottiér— 1) conditional probabilities are close
to 0. Bensmail et al. (1997) quantified this notion by defining dimcertainty
of the classification of objedtto be

u; =1— mgxzik.

The uncertainty of the complete clustering may then be meddwy averaging
over the uncertainty of all objects.

For large data sets, the usual strategy is to apply modeldbalastering
to a random sample from the data set of a size that can berddstemfortably
(Banfield and Raftery 1993; Fraley and Raftery 2002). The paennef the
clusters, found in the sample, can be used to classify thainetar of the ob-
jects by the application of a single E-step for the entire datawhich is very
quick.

3. Sampling Methods

The segmentations in Figure 1 were obtained by clusteringaiedam
samples of 500 pixels each to obtain ten sets of cluster peegis and for each
random sample performing one E-step to classify all otheelpinto one of
the clusters. The variability that is so apparent can haveraéeauses: first,
the sample size may be too small, so that clusters are notdestiribed. In
particular, there is a danger that one misses small clustighssample sizes
that are too small. To investigate the effect of sample $ize different sample
sizes are compared: 500, 1000, 1500, 2000 and 2500 pixsteatvely. With
current software and hardware, 2500 pixels can be clusteitboh a reasonable
time.

Second, there may be a problem in going from the clustered Isaimp
a complete segmented image. We will compare four stratedibe strategy
described earlier, applying one E-step using the clustearpaters from the
clustered sample, will be called strategy I. It may be beradfioido several EM
steps on the complete image; this is feasible in terms of coatipnal cost. The
second strategy (ll) extends strategy | by doing an additi&M optimization
for at most 100 steps for the selected model, taking intowatcall pixels. The
sample, however, may be too small to pick the correct moded.thind strategy
(1) therefore does at most 100 EM steps for the five best nmaelected on
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Figure 2. Strategies to apply model-based clustering for large data betdathed boxes contain
operations on the sample only. INIT: initialization by model-based hieizathlustering; EM:
application of the EM algorithm to find cluster parameters and classificatinas. (100 steps);
MS: model selection; EM1: one iteration of the EM algorithm to classify pixetsmthe sample.

the basis of the training set, and from these five eventualfcss the best using
the whole data set. Finally, the fourth strategy (V) usesstiraple only for the
initialization, and does up to 100 EM steps for all models @gred. Only then
is the best model selected. Strategy IV is much more computty expensive
than the other ones. The four strategies are summarized ine=2gu

Each experiment is performed ten times with different randamples;
strategies I-IV were implemented in exactly the same wayg&mh experiment.

4, Dataand Simulations

4.1 Assessment of Results

Several criteria are used to assess the effects of the sainplaral the
strategy. One aspect is the stability of the clusteringaligiethe results should
be independent of the initial sample. This means that the lagdtected in the
ten repeated experiments should be similar, with, idetlllysame model being
selected in most or all of the experiments. It also means évan if there are
differences between the selected models, the final classfisaghould be sim-
ilar. The latter is assessed by calculating the adjusted Ralek (Rand 1971,
Hubert 1985). One can also consider the likelihoods of thé $egmentations.
Some samples may lead to local maxima which may be easily netay This
gives an indication of what fraction should be used in thaning phase and
what strategy is best.
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A second aspect is the accuracy of the segmentation: hoviesiare
the estimated clusters to the “true” clusters? We use sienlldata to assess
this accuracy, which depends on sample size and clustaraggy. Since we
know the “correct” model, we can count the number of timescttreect model
is picked under the four strategies and with the varying darsiges. Also, we
can simply count the errors in the classifications, since the" classification
is known. Again, the adjusted Rand index is used to quantiéyagreement
between cluster labels and “true” labels.

4.2 Data

Three real data sets will be used. The firstis a set of four congMRI
images (T1-weighted, T2-weighted, proton-density and gadoim-enhanced)
of a patient with a brain tumor. In this data set, uninterggtiegions (eyes, the
skull and the region outside the head) have been removethdg23712 pixels.
The T1l-weighted image is depicted in the left plot of Figure P {tow). The
second data set is an RGB image of a St. Paulia flower contaigi®ig@umns
and 304 rows; again, pixels from the background have beeawedrso that the
data set has 45656 pixels. The RGB image is plotted in Figureidd{enplot,
top row). Itis available fromwmv. cac. sci . kun. nl / peopl e/ r wehr ens
/ suppl / paul i a. rgh. gz. The final data set (RS) is a 256 by 256 remote
sensing image of an area in The Netherlands, the Duurschedéfaarlt is
recorded by an airborne CASI scanner, and consists of 9 spbatrds. A false-
color image is shown in the right plot of the top row of Figure(Bands 6, 3
and 1 are used for red, green and blue, respectively.) Thiealettscontinuity,
slightly left of the center, is due to the fusion of two flightdis.

4.3 Simulation Design

Two data sets were simulated by randomly drawing from asefienul-
tivariate normal distributions obtained from clusterimg tMRI images. The
first set (Simull12) is based on the model that led to the higlhdisinfiage seg-
mentation loglikelihood in strategy | (N=2500): (VEV,12). i$his the VEV
model with 12 clusters. From the model parameters, 30,00@tpwiere gen-
erated randomly (in four dimensions, like the MRI data s&t)e second data
set (Simul6) is based on a model with fewer clusters, in thée ¢he (VEV,6)
model (MRI, N=500, sample 7).

4.4 Softwareand Hardware

All experiments were performed in R (lhaka and Gentlemar6l98r-
sion 1.6.0, using the 2002 version mtLUST by Fraley and Raftery (Fraley
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and Raftery 2003). In the software, the EM and hierarchicastering are
performed by compiled Fortran code; R serves as an inteefaddor visual-
ization. McLUST considers ten parametrizations of the cluster covariarece m
trices (two spherical models, four diagonal models and #lipsoidal mod-
els) (Fraley and Raftery 2003). Adjusted Rand indices andcésted plots
are programmed in R. Scripts for the application of stratedidV, as well
as the data for the St. Paulia image, are available as suppiarmenaterial
(ww. cac. sci . kun. nl / peopl e/ rwehr ens/ suppl / nbc. ht m ).

We used an i686 (Pentium Ill, 1.0 GHz) computer, running Re:diitaix
(kernel version 2.4.18-4smp). The stability of the EM caltioles was checked
by performing EM runs (maximally 100 steps) on a data matrth\ywermuted
rows (RS data, so 65,536 rows), starting from models imnsga on ten random
samples of 500 pixels each. In all cases, differences betlegdikelihoods of
the unpermuted and permuted data were on the orderof, so there seem to
be no stability problems in the EM steps. For strategies Illdntkss than 100
EM steps were needed to reach convergence in all cases; diteggtrlV, this
was the case for all relevant models. Occasionally, ingppate models did
not converge within 100 steps.

5. Results

For all data sets, we considered clusterings with 1 to 2Qelssusing
strategies I-lll. Because of time constraints, fewer goktsés were considered
for strategy IV: in the MRI case 4-18 clusters, for the RS datad—11 clusters,
and for the St. Paulia image 3-15 clusters. For the smaller skts, all ten
model parametrizations available McLUST were considered in strategies |-
lll; for the RS data set, only the four most elaborate modedsewconsidered
(EEE, EEV, VEV and VVV). For strategy IV only the EEV, VEV and VVV
models were considered.

5.1 Stability of Model Selection

The images in Figure 1, obtained by applying strategy |, witarade
size of 500, correspond to seven different clustering nmaehong which the
(VEV,6), (VEV,7) and (VEV,9) models occur twice. Results likkéstare sum-
marized in Table 1. Sample sizes range from 500 to 2500.

For all images, the complexity of the selected model (i.e.rnthmber of
clusters) is observed to increase with the sample size. vepdg, more clus-
ters are needed to describe the sample. This suggests aihasome smaller
clusters are missed with the smallest samples, or that tfaeada not exactly
normally distributed and that including more Gaussian congnts in the mix-
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Table 1:Most frequently selected models in strategy I. The columns indicate eliffesample
sizes. Numbers in brackets indicate how often a particular model wagesléThe true model
for Simull12 is VEV12; the true model for Simul6 is VEV6.

Sample size 500 1000 1500 2000 2500
MRI VEV6,7,9(2) VEV7(5) VEV10(3) VEV7 (3) VEVS (3)
Paulia VEV4 (3) VEV7 (3) VEV7,9 (3) VEVS (4) VEVO (4)
RS VVVA4 (8) VW6 (5)  VVV6 (9) VW6,7(5)  VVVO (4)
Simul12 VEV4 (4)  VEV8,9(4) VEV7,8(3) VEV10-13(2) VEVI12(5)
Simulé VEV6 (5) VEV6 (5)  VEV6 (7) VEV6 (6) VEV6 (8)

ture would lead to a better fit. The effect is clearest for the R@& 8ut is also
found in the MRI and St. Paulia images, although it is not sardiem Table 1:

the variability in the selected models is much larger thahwie RS image. In
the case of a sample of 500 pixels from the St. Paulia imageemadth 3—-6

clusters were selected; in the case of samples of 2500 pikelsnodels se-
lected had 7-15 clusters. The true model for the simulatead sktSimull12 is
known to be (VEV,12), and models close to this are selectey fonlsamples
of at least 2000 pixels. On the other hand, all strategiesadirshmple sizes
are able to pick the correct model (or a close one) for the VEW@el of the

Simul6 data. Model selection for strategy Il is the same asti@tegy |, so we
do not consider strategy Il further in this section.

Strategy Ill consists of doing EM on the whole image for the fivedeils
with the highest BIC values for the sample. This invariabbdeto more com-
plex models than strategy I. If a VVV model is selected intsg# |, strategy IlI
will typically select a VVV model with one or two extra clusseor, less often,
a VEV model with 5-6 extra clusters; if a VEV model is chosen bwatsgy |,
strategy Il will pick a VVV model with the same number of ctass, or with
one or two extra clusters, or a VEV model with more clusters [&ble 2).

The general trends, however, do not change: a larger sangae te a
more complex cluster model, and the variability in the medgimuch smaller
for the RS image than for the other two images. If anything,\riability in
the selected models is larger in strategy Il than in stxategor the simulated
data with 12 clusters, small samples lead to an underesbimattthe complex-
ity of the model. For samples of 1000 pixels and more, the rsosieglected
are approximately correct; this is an improvement comp#vesdrategy I. The
simulated data with six clusters seem to be overfit slightigtead of a VEV
model a VVV model is usually selected.

Strategy IV is the most computationally expensive one; thepta is
used only to initialize the clustering, and EM is performedhgghe full data
set for all models. The results, using a limited set of modet$ @ restricted
range of numbers of clusters, are summarized in Table 3.HeoBimul6 data
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Table 2:The most frequently selected models in strategy Il. See caption of Table

Sample size 500 1000 1500 2000 2500
MRI VEVO (4) VEV10(5) VEV11(3) VEV13,VVV8(3) VEV10,12,13yVV10 (2)
St. Paulia VEV6 (4) VEV10(3) VVV8 (3) VWV (2) VEV14 (4)

RS VW5 (7) VW8 (8)  VVVI (8) VVV10 (5) VVV10,11 (5)
Simull2 VEV6(4) VEV10(5) VEV11,13(3) VEV12,13(3) VEV12,18)
Simulé  VVV6(4) VVV6(5)  VVV6 (7) VVV6 (5) VVV6 (8)

Table 3:The most frequently selected models in strategy IV. The range of modessdered is
much smaller than with the other strategies (see text).

N 500 1000 1500 2000 2500
MRI VW18 (6)  VVVI8(8) VVVI8(7) VVWVI8(8) VVVi8 (5)
St. Paulia  VVV15 (6) - - - -
RS VEV15 (5) - - - -
Simull2  VEV13,14(3) VEV13(4) VEV15(5) VEV13(5) VEV13(3)
Simulé VEV6 (7) VEV7 (5) VEV6(7) VEV6(7)  VEV6 (8)

set the correct model is retrieved in most of the runs; theghselected for the
Simull2 data set is usually slightly more complex than theehtitht generated
the data. In the real data sets, in almost all cases the mogtier cluster model
possible is selected.

5.2 Stability of Segmentations

More important than the actual models selected is the aquresfi how
different the segmentation of the complete image is for ifferént samples.
To assess this, for each data set the clusterings from theataples are com-
pared with the adjusted Rand indices; the result is the malaie wf all possible
45 comparisons. To present an intuitive calibration of tedesof the adjusted
Rand index, a graphical impression is presented in Figure 8.cbmparisons
are between the first and second, third and second and sevehixéh seg-
mented images of Figure 1, respectively. The adjusted Rarexiofl0.73 for
the last comparison is the highest found in this set of se¢gdeémages. One
can see an obvious disadvantage of the adjusted Rand inthext thve number
of clusters differs a great deal, as in the first example, tdexmwill often be
quite low. However, there is a good correspondence betwaara clusters in
the classification of sample 1 with individual clusters in $egmentation based
on sample 2. In comparing segmentation 3 with 2, one cleartisfmixed
clusters, which leads to an adjusted Rand index more or tpsa ¢o the first
comparison.

Means and standard deviations of adjusted Rand indicebdatifferent
strategies are shown in Figure 4. For the real data sets, ngeaanaents based
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AdjRKI = 0.38 AdjRKI = 0.41 AdjRKI = 0.73

lvs2 3vs2 7vs6

Figure 3. Adjusted Rand indices for the comparison of segmented infraged=igure 1: 1 vs.
2;3vs. 2;and 7 vs. 6. Each line corresponds to at most 100 pixels.

on raw classifications are better for strategy Il. Strategyshibws levels of
agreement similar to or less than those for Strategy |. Thisiised by the
more complex models that are selected and the larger \isaibi selected
models. In the MRI data, strategy IV even leads to the lowgsgements of all
the strategies.

For the simulated data, strategy | is again the worst, but tendif-
ferences between the other strategies are negligible.nAgample size does
not seem to make much difference. Even with perfectly Gansida, there
will be some variability in the eventual segmentation withtlaree strategies
considered.

To investigate whether “uncertain” classifications are niixely to be
variable, we compared the clusterings of the ten repligen®ntations in each
experiment as a function of the pixel uncertainty. For a $dive thresholds
(0.05, 0.1, 0.2, 0.35 and 0.5, respectively) we only inctluttese pixels with
uncertainties smaller than the threshold and calculatedgneement between
the clusterings. The results are shown in Figures 5 and 6, asakssted Rand
indices. In general, agreements increase when taking aelydin” classifica-
tions into account. This means that the clusters are locatgapaoximately the
same positions, and that the largest differences betwgeated clusterings are
at the edges, as may be expected.

However, when eliminating uncertain pixels, a large parthef image
remains unclassified; for the threshold of 0.05, the propostiof pixels elimi-
nated in the MRI, St. Paulia and RS images are typically clo§®t 60 and 90
percent, respectively. For the next threshold we consitjér@, these numbers
are 20, 10 and 60 percent. They do depend on the strategy esdpdmoy the
sample size: typically, a larger sample, or a more complategy, will lead to
more clusters and hence to larger uncertainty. Moreoveerakclusters will
disappear completely when our uncertainty threshold igrgevFor the MRI
and St. Paulia data sets, this happens for uncertainty tidssof 0.2 or lower;
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Figure 4. Agreements between clusterings from ten different saniptésated by mean values
of the adjusted Rand index. One standard deviation above and below #revalee are also
shown. Darkest bar: strategy I; lightest bar: strategy IV.

the RS data set almost never loses complete clusters. Assampéx of which
pixels are clustered with low uncertainty, the bottom rowFigure 7 shows
clusterings obtained with strategy Il for the three reabdsdts, in a situation
where the mean adjusted Rand index is at least 0.9: for the iIMRge this
corresponds ta: < 0.35, for the St. Paulia image < 0.2 and for the RS
imageu < 0.5. In the MRI image, the tumor and the cerebrospinal fluid ciearl
are stable clusters. The hearts of the flowers together witte s@emaining
background, and shades on leaves and background form stabters in the
St. Paulia image, and almost all pixels are part of a stablgerimg in the RS
image.

The loglikelihoods of the final segmentation for all samplesiare sum-
marized in Figure 8. Strategy IV leads to the largest likeldmastrategy | the
smallest. The difference between strategies | and Il is cetejyl due to the ex-
tra EM steps. The increase is larger with smaller samplese tkenore room
for improvement there. Also the differences between rapdid runs are larger
with smaller samples. In terms of higher likelihood, thexerss to be little gain
in having samples larger than 2000 objects.
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Figure 5. Classification agreements for the real data sets, as mehguneén adjusted Rand in-
dices. The fraction of pixels taken into account is governed by the taiegrof the classification
(y-axis): the label 0.05, e.g., means that only pixels that are clatgifth an uncertainty smaller

than 0.05 in all ten replicated segmentations are taken into account. Sarepie depicted on
the x-axis.
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Figure 6. Classification agreements for the simulated data sets, as eatehgunean adjusted
Rand indices. See caption of Figure 5.

For the simulated data, the likelihood of the “true” classifion is known
(indicated with a horizontal dotted line in Figure 8). All &tegies seem to
converge to these values with increasing sample size. Theaence is faster
in Simul6, where fewer classes are present: there, all gtest@xcept strategy
| perform optimally for samples of size 1,000 or greater.

5.3 Accuracy

With the simulated data it is possible to assess the accufatye clus-
terings. The number of clusters as well as the cluster modekaown, and
cluster labels have been preserved. Measuring the agrébet@reen the esti-
mated and the “true” class by the adjusted Rand index, leattetsummaries
depicted in Figure 9. The values are rather low, and more oirdependent of
sample size. More complex strategies do slightly bettesmoall sample sizes,
but the differences are small.



246 R. Wehrens, L.M.C. Buydens, C. Fraley, and A.E. Raftery

Figure 7. Top row: the three data sets, plotted in order of increasing®ieeT 1-weighted MRI

image of a patient with a brain cancer behind the left eye (left), an imagé&ofPaulia (middle),
and a false-color image of the remote sensing data of the Duursche&kigaight). Bottom row:

stable classifications with adjusted Rand index greater than 0.9 (strakefgy the three images,
the uncertainty thresholds are .35, .2 and .5, respectively.

Again, itis the less certain pixels that cause these loweageats: distin-
guishing between pixels classified with different levelsdertainty, it appears
that the most certain pixels agree very well with the trussifecation (see Fig-
ure 10). For the Simull2 data set, strategy IV for all samptessieads to
values of the adjusted Rand index higher than 0.9, providedihcertainty is
below 0.1. Strategy IV shows no dependence on sample sizethbe strate-
gies show better agreement when the sample size increasateg$tlll, with
sample sizes equal to or larger than 2000, also reachegedljdand indices
above 0.9, but only for pixels with an uncertainty lower tita5. Strategy |
at best reaches 0.85 with the largest sample and the smafiesttainty. In
contrast, in the less complex Simul6 data set, all strategibgve near-perfect
matches. In this data set, the sample size does not mattér: maty N=500
seems to be a bit too small for strategies I-lll.

The main cause of the low agreements with the “true” valuestgoor
performance of the clustering algorithm, but, rather, trgé overlap between
clusters. This follows from the following experiment: if wake the “true”
cluster parameters of the simulated data sets, and cladbgpints using one
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Figure 8. Loglikelihoods of the final model selections. Means are plotethe ten repeated
samples; plus or minus one standard deviation is given as well. The dotiedrtal lines in the
simulated data sets show the loglikelihood of the “true” solution.

E-step, then the agreement with the “true” classification Ehfmrm an upper
bound of what can be achieved. Doing this, we find values traiabmost
equal to the results of clustering. As an example, for the 8Sithdata set
the adjusted Rand indices calculated in this way for pixdath wncertainties
lower than 0.05, 0.1, 0.2, 0.35 and 0.5, are 0.96, 0.92, @8A and 0.60,
respectively, which agrees quite well with what can be addeby the best
strategies (strategy IV, and strategy Il with a sample siZ2000 or larger).

54 Timings

To give a very rough indication of the computational effatsociated
with the different strategies, Table 4 presents timingstfer MRI data set.
The timings given here are approximate and serve only as acaiiwh; in
particular, one should be aware that R is an interpretedulage, the scripts
used are not optimized for speed, input/output is perforrand the load of the
computer may have varied from time to time.

Clearly, strategy IV is by far the most expensive strategyeims of
computing time. As expected, timings for strategy IV aredependent on the
sample size (and as we have seen, neither are the resultsiiffigmences in
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Figure 9. Agreement with “true” class labels for the simulated data sgtsstad Rand index).

timing between the other three strategies are not very laygécally, strategy
[l takes only 1-2 minutes more than strategy |.

6. Discussion

We have proposed and experimented with several strategienddel-
based clustering with large data sets by first applying mbeekd clustering to
a sample of the data, and then extending the results to thédia set. There
are large differences between the strategies employed. ifpest strategy,
strategy |, performs worst. Overall, strategy 11l seemsttike a good balance
between computing time and quality of results: for the data and computa-
tional setting considered here it takes only one or two nesumhore than the
fastest strategy, strategy |, but leads to higher likeldwand better stability in
classifications than the simpler strategies. Moreover, stititegy Ill, we found
little advantage in having sample sizes larger than 2008obéj Strategy 1V, on
the other hand, is considerably slower, regardless of @asipé. Although in
simulated cases the correct model was picked in essendithlbases, for the
real data there was a tendency to pick a larger number of coems, possibly
caused by non-normality of the data.

Experiments were also performed where five percent of allpiresim-
ulated data sets were replaced by random values. In thess,cas extra
noise term was fitted by the clustering software. Althougheagrents with
the correct clustering decreased, for the noisy data basedeoSimul6 data
set, agreements better than 0.9 are obtained for all skeated) uncertainties
smaller than 0.1; for strategies | and Il, the sample sizelshioe at least 1500
pixels. For strategy lll, the sample size is not very impattdNoise data based
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Figure 10. Agreement with “true” class labels (adjusted Rand indepgritent on the certainty
of the classification.

on Simull2N are more difficult: mean agreements with the “trci@$sifica-
tion are in all cases less than 0.9. The general trend, howisv@milar to the
data without added noise: larger samples show better agrgsjmand more
expensive strategies (e.g. strategy lll) are better thaaglones (strategy I).

Based on the results of the real and simulated data set®ggtidl with a
sample size of 2000 seems to be the best of the approachesavevestigated:
the loglikelihood of the final segmentation in this case waselto the “true”
value, and agreements between different runs are also gspdcially when
looking at the more certain pixels. Choice of sample size b@ymportant in
other data sets, for example, those with small clusters. kM€kiesson, and
Heckerman (2001) give a decision theoretic approach foosing sample size
that could be used with any of the strategies described I&irategy IV does
not lead to much better results but takes at least five timesuat computing
time for the image data and simulations we considered.

Several extensions of the sampling approach are possiblst dfiall,
one could use stratified sampling instead of random samphfiigh images
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Table 4: Approximate timings (MRI data set) for the different strategies (minutssy time,

Pentium Il 1GHz processor). In this table, only the three most elabonatiels (EEV, VEV

and VVV) are considered with 4-14 clusters. The numbers cited aresnefaten repeated
clusterings.

Strategy | Strategy Il  Strategy Ill  Strategy IV

N=500 0.4 0.6 1.6 23
N=1000 1.0 1.3 2.5 25
N=1500 1.7 2.0 3.7 25
N=2000 2.8 3.0 4.6 24
N=2500 4.1 4.2 5.8 24

like the ones analysed here, one could focus on regions viéiga variations,
or the region of interest (e.g. the tumor region in the MRIg®gaand sample
more densely in those areas. In cases like the RS image, aftbdacrease the
number of pixels picked from a large, clearly recognizablkl fand concen-
trate more on regions with small objects. Although the sasmplould not be
representative of the complete image, they may lead torbettamates of the
number of clusters and cluster parameters.

Another potential improvement is not to rely on a single ®tisg, but
to perform multiple clusterings from different random sdimgs, much like
the setup of the experiments in this paper. If the best (eaged on the BIC of
the final segmentation) of five clusterings was picked, thelemions presented
here would still hold. In general, the improvement foundwétmore expensive
strategy is larger than the improvement resulting from a¢ipg the clustering
several times with the same cheap strategy.

The one-step approach discussed here is attractive in ifdisity and
speed of execution. Moreover, performance of methods itbestin this paper
could be further enhanced by using alternative implememsiof the EM al-
gorithm such as the incremental EM algorithm (Neal and Hirdt@®8, Ng and
McLachlan 2003) that require less computation time for lalgia sets. Several
other approaches to dealing with large data sets have bepoged. Fayyad
and Smyth (1996) and Maitra (2001) propose forms of itera@rapling, where
the second sample is taken from points that are poorly destiy the clusters
found so far. In other words, the points that are well desctibre removed
from the data set and the remainder is clustered again. Thiscorinue for
several cycles; eventually a large number of clusters isdo&everal heuristic
procedures are then used to merge clusters. Fraley, Raftéahrens (2003)
propose a similar idea, in the second iteration adding des fit poorly de-
scribed points, or using a more complex model to fit the data. al¢parithm
terminates when incremental fitting is attempted with thetroomplex (VVV)
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model, and the BIC no longer increases. This provides a wayaflieng the
large numbers of clusters often found by the other iteraampling methods.

Alternatively, the sample may be first partitioned into a éamgimber of
clusters using a simple clustering method, after which@gegrative hierarchi-
cal model-based clustering is initialized with these @ustather than with the
individual data points. Posse (2001) proposed a method lmesta: minimum
spanning tree for obtaining the initial partition. A diféatt approach called
fractionation was proposed by Tantrum, Murua, and Stue2fl62) in the con-
text of hierarchical model-based clustering, where thepeta data set is split
up randomly into smaller sets, which are clustered indi@iju The process
is then repeated, but with the smaller sets formed by agtgdgdusters rather
than randomly.

Although some of these alternative methods may have an edgdhe
approach recommended in this paper when it comes to redngrimall clus-
ters, any advantage would come at the expense of greatetedtyfe.g. more
user-defined parameters) and extra computation.
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