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Proof of Proposition 2

Proposition 2: The graph cluster tree of G is isomorphic to the single linkage dendo-
gram.

Lemma 1: Let (k, l) be an edge of G with weight p̂
(1)
kl > λ. Then there is a path

connecting xk and xl with maximum edge length < 2/λ.

Proof of Lemma 1: As p̂
(1)
kl is the minimum of the nearest neighbor density estimate

over the line segment [xk,xl], the assumption that p̂
(1)
kl > λ implies that the entire line

segment [xk,xl] is covered by spheres around the observations with radius r = 1/λ:

[xk,xl] ⊂
⋃

i

S(xi, r) .

Let
Lq = [aq,bq] = [xk,xl] ∪ S(xq, r)

be the (possibly empty) intersection of the line segment [xk,xl] with the sphere of radius
r around xq. Without loss of generality assume that d(xk, aq) ≤ d(xk,bq). Choose
q1 = k. Because the Lq collectively cover [xk,xl] there has to be a q2 with bq1 ∈
S(xq2 , r). Therefore, d(xq1 ,xq2) < 2r. Repeating this argument shows that there is a
path connecting xk and xl with maximum edge length < 2r = 2/λ.

Lemma 2: The graph cluster tree of G and the cluster tree of the nearest neighbor
density estimate are isomorphic.

Proof of Lemma 2: Let X1, . . . ,Xk be vertex sets of the connected components of
G(λ). We will show that the connected components of L(λ; p̂(1)) are the sets

Li =
⋃

xj∈Xi

S(xj, 1/λ) .

Suppose that Li is connected. Then for any two vertices xj and xl in Xi there exists
a polyline connecting them with maximum edge length < 2/λ and therefore minimum
density p̂(1) > λ. This implies that xj and xl are in the same connected component of
G(λ).

On the other hand, suppose that xj and xl are in the same connected component of
G(λ). This implies that they are connected by a path with minimum edge weight > λ
and therefore maximum edge length < 2/λ (Lemma 1), and hence are in the same
connected component of L(λ; p̂(1)).

Proof of Proposition 2: According to Lemma 2, the graph cluster tree and the cluster
tree of the nearest neighbor density estimate are isomorphic. On the other hand, Stuetzle
(2003, Section 2) has shown that the cluster tree of the nearest neighbor density estimate
is isomorphic to the single linkage dendogram.
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